In this paper, we solve nonlinear fractional differential equations by Bernstein polynomials. Firstly, we derive the Bernstein polynomials (BPs) operational matrix for the fractional derivative in the Caputo sense, which has not been undertaken before. This method reduces the problems to a system of algebraic equations. The results obtained are in good agreement with the analytical solutions and the numerical solutions in open literatures. Also, the solutions approach to classical solutions as the order of the fractional derivatives approach to 1.
Introduction
Differential equations of fractional order have been the focus of many studies due to their frequent appearance in various applications in fluid mechanics, viscoelasticity, biology, physics and engineering. Recently, a large amount of literatures developed concerning the application of fractional differential equations in nonlinear dynamics [1] [2] [3] [4] . Several methods have been suggested to solve fractional differential equations, for example, homotopy methods [5] [6] [7] [8] , Adomian's decomposition method [9] [10] [11] , variation iteration method [12, 13] and differential transform method [14] .
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In this work, we consider the nonlinear fractional differential equations as follows: is polynomial function.
The rest of this paper is as follows. In Section 2, we present some preliminaries in fractional calculus. In Section 3, BPs are introduced and then we approximate functions by using BPs and we show the properties of BPs by several Lemmas and corollaries. We make a new operational matrix for fractional derivative by BPs in Section 4. In Section 5, we apply BPs for solving nonlinear fractional differential equations. In Section 6, numerical examples are simulated to demonstrate the high performance of the proposed method. Finally, Section 7 concludes our work in this paper.
Some preliminaries in fractional calculus
In this section, we give some basic definitions and properties of the fractional calculus which are used further in this paper. 
we see the following properties 
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be a Hilbert space with the inner product
. Then, we can find the unique vector 
is an arbitrary vector. The operational matrix of product
using BPs can be given as follows: (12) we can write 
and therefore we obtain the operational matrix of product 
Proof. By using induction, we can obtain approximation for 
So, by induction we can write
BPs operational matrix for fractional derivative
In this section, we obtain the operational matrix for the fractional derivative. We can write
(
where  denotes the convolution product. 
By (11) we obtain
    , , , , 1 ) ( ) ( ) ( 1 ) ( ) ( 1 T m m n m n m t D t D D A t T D A t T t A n t D                  ) 19 (i i P Q dt t B t dt t B t dt t B t Q dt t t Q P                                 where , ] , , , [ , 1 , 0 , T m i i i i P P P P   ) 24 (   . , , 1 , 0 , , , ) 2 ( ! ) 1 ( ! ) ( 1 0 , , m j and m i m i j j i m dt t B t P m j i j i                     ) 25 ( Now, we suppose P is an ) 1 ( ) 1 (    m m
BPs for solving nonlinear fractional differential equations
Using Lemma 3.3, we can approximate the functions ) (t x as follows:
by (28) and (26) we can write
(
Therefore, the problem (1) and (2) reduce to the following problem:
Now, using Lemma 3.3 we can approximate all of the known functions in (30). Then, by using Lemma 3.5, Corollaries 3.6 and 3.7, since function g is polynomial, we obtain the following approximations:
Also, by using tau method [20] we can generate algebraic equations from (30) and (32) as follows
and from (31) we set
Finally, the problem (1) and (2) has been reduced to the system of algebraic equations
The above system can be solved for C by Newton's iterative method. Then, we get the approximate value of the functions ) (t y from (28).
Numerical examples
To demonstrate the application of the proposed method and its performance, the obtained results for some examples are presented in this section. We define Table 1 and are plotted in Fig 1. We observe that our method is very effective. Numerical results compared to Ref. [21] are given in Table 2 
Numerical results compared to Ref. [21] are given in Table 3 
Conclusion
In this work, we get operational matrices of the product, power and fractional derivative by Bernstein polynomials. Then by using these matrices, we reduced the nonlinear fractional differential equations to a system of algebraic equations that can be solved easily. Finally, numerical examples are simulated to demonstrate the high performance of proposed method. We observed that the obtained results were in good agreement with the exact solution. Also, we saw that the solutions approach to the solutions for differential equation with derivative order 1, as the order of the fractional derivative approaches to 1.
